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A Note on Addition of Angular Momenta

In order to do Problem 4.55 on the homework it is necessary to understand a bit about combining two angular momenta.  You may find the discussion in Griffiths, and especially Table 4.8, a bit terse.  Here I will try to expand upon it a bit.

Every angular momentum obeys all the rules of angular momenta:  There are states 
[image: image1.wmf]which are simultaneous eigenstates of the operators 
[image: image2.wmf] and 
[image: image3.wmf]:
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Note that I use the letter 
[image: image5.wmf] for a general angular momentum or for a total one.  A single orbital angular momentum is usually denoted 
[image: image6.wmf], while for a spin angular momentum we use 
[image: image7.wmf]. Other symbols are often used to denote the eigenfunctions of these operators:


[image: image8.wmf]
Note that l is always an integer 0, 1, 2, …, while s can be 0 (for pions and some other exotic particles, alpha particles, and 
[image: image9.wmf] atoms), 1/2 (for electrons, protons, neutrons, neutrinos, and quarks), 1 (for photons, deuterons, and others), 3/2 (for various compound particles such as nuclei), 2, 5/2, …

Two angular momenta, say 
[image: image10.wmf], may be combined to yield a total angular momentum 
[image: image11.wmf].  In vector notation we write 
[image: image12.wmf].  The states that span a particular space can be represented in two different ways:


[image: image13.wmf]
where the former are the simultaneous eigenstates of the operators 
[image: image14.wmf] (I assume you know what the eigenvalues are), and the latter are the simultaneous eigenstates of the operators 
[image: image15.wmf].  Assuming these eigenstates are properly normalized (like the spherical harmonics and all spinors), either set forms a complete ortho​normal set of “unit vectors” in an abstract space.  Any vector in the space may be expressed as a linear combination of either set.  In order to convert from one set to another, we need the scalar products of these unit vectors.  In ordinary space we call these scalar products “direction cosines.”  If we express a unit vector in one system as a linear combination of unit vectors in the other, the sum of the squares of these cosines must be one.

Example 1:In 2-dimensional Euclidean space, there are two sets of unit vectors.  One is the usual 
[image: image16.wmf], and the other consists of 
[image: image17.wmf] which are rotated 30° counterclockwise.  The scalar products are 


[image: image18.wmf]
Note that the sum of the squares of the first two is one, as is the sum of the squares of the last two.  If this is not very clear to you, draw the axes and convince yourself that it is true.  Now any vector 
[image: image19.wmf] in the plane may be written 
[image: image20.wmf] and we can convert from 
[image: image21.wmf] or vice versa by taking the scalar product of the last equation with two unit vectors in turn.

Example 2: In the space of states formed by the addition of two angular momenta, say 
[image: image22.wmf], there are two sets of “unit vectors,”  One is the set 
[image: image23.wmf]and the other is the set 
[image: image24.wmf].  The dimensionality of the space is 
[image: image25.wmf]. Thus if we combine two spin 1/2 particles the space is 4-dimensional  One set of unit vectors is


[image: image26.wmf]
while the other is


[image: image27.wmf]
[In the last case the first state is called the “singlet” and the remaining three the “triplet.”]

Test yourself:  Write out the two sets of unit vectors if we combine an orbital angular momentum with l =1 with a spin angular momentum of s= 
[image: image28.wmf].

Just as in Example 1 we can express any vector in the space (think state of a system) as a linear combination of either set of unit vectors.  To convert from one set to the other we need the “direction cosines” formed by taking scalar products of each unit vector with all of those in the other set.  (We only need those which have 
[image: image29.wmf].  Why?)  These scalar products are called Clebsch-Gordan coefficients, and they are tabulated in many books (not always in exactly the same form). Table 4.8 on p. 188 of Griffiths is such a table, but it is hard to read and lacks adequate explanations.

Just to make life even more difficult, there are many notations for the Clebsch-Gordan coefficients.  Perhaps the simplest to understand is just to write them as scalar products


[image: image30.wmf].

Many authors feel it is unnecessary to repeat 
[image: image31.wmf] so they use


[image: image32.wmf].

Still others use symbols such as 
[image: image33.wmf].

In the tables in Griffith, each section has 
[image: image34.wmf]outside the borders and the C-G coefficients in the table with square root signs omitted. Row headings state 
[image: image35.wmf], while column headings give 
[image: image36.wmf].

If you don't like the table (and obviously, I don't) try one of these:

http://en.wikipedia.org/wiki/Table_of_Clebsch-Gordan_coefficients
http://mathworld.wolfram.com/Clebsch-GordanCoefficient.html


This last page explains that the Mathematica command is  

ClebschGordan[{j1, m1}, {j2, m2}, {j, m}].
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